In [12] , the authors give an explicit construction of the T0−ordered reflection of an ordered topological space (X, τ, ≤) . All ordered topological spaces such that whose T0−ordered reflections are T1−ordered spaces are characterized. In this paper, some properties of the T0−ordered reflection of a given ordered topological space (X, τ, ≤) are studies. The class of morphisms in ORDTOP orthogonal to all T0−ordered topological space is characterized.
Introduction
Among the oldest separation axioms in topology, there are three famous ones T 0 , T 1 and T 2 .
The T 0 −, T 1 − and T 2 −reflections of a topological space have long been of interest to categorical topologist. The construction of these reflections in the category TOP of all topological spaces are given in [10] .
In [2] , the authors introduced some new separation axioms using the T i −reflections T i (X) i ∈ {0, 1, 2} as follow: Definition 1.1. Let i, j be two integers such that 0 ≤ i < j ≤ 2. A topological space X is said to be a T (i,j) − space if T i (X) is a T j −space.
.
T. A. Richmond and H-P.
A. Künzi show that X /≈, τ /≈, ≤ 0 is the T 0 −ordered reflection of X.
This paper consists of some investigations into the T 0 −ordered reflection of an ordered topological space (X, τ, ≤) .
In the first section we give the characterization of an ordered topological space (X, τ, ≤) such that its T 0 −ordered reflection is T K 1 −ordered and we characterize ordered topological spaces whose T 0 −ordered reflections are T 2 −ordered. [2, Theorem 3.5] and [2, Theorem 3.12] are recovered.
The second investigation deals with some categorical properties of the category ORDTOP 0 , of T 0 −ordered topological spaces. More precisely, a characterization of the class of morphisms in ORDTOP rendered invertible, by the T 0 −ordered reflection functor, is given. [2, Theorem 2.4] is seen to be a particular case of our result.
separation axioms
Given an ordered topological space (X, τ, ≤), the construction of its T 0 −ordered reflection denoted by X /≈, τ /≈, ≤ 0 satisfies some categorical properties: For each ordered topological space (Y, γ, ⊑) and each continuous increasing map f from (X, τ, ≤) to (Y, γ, ⊑) , there exists a unique continuous increasing
where q X is the canonical surjection map.
From the above properties, it is clear that we have a covariant functor from the category of ordered topological spaces ORDTOP into the full subcategory ORDTOP 0 of ORDTOP whose objects are T 0 −ordered topological spaces.
In [12] , the authors characterize those ordered topological spaces whose T 0 −ordered reflections are T 1 −ordered as follows:
]). The following statements are equivalent:
(1) On the other hand, recall that an ordered topological space (X, τ, ≤) is said to be a T K 1 −ordered space if, for any point x in X, we have C(x) = {x} (for more information see [13] ). The following theorem characterizes ordered topological spaces whose T 0 −ordered reflections are
be an ordered topological space. The following statements are equivalent:
Proof.
Clearly, q X (y) ∈ q X (F ) ∩ C (q X (x)). Thus, we can see that q X (x) = q X (y). Now, since F is monotone and consequently a saturated subset of X, q
is non empty then by (ii) x ∈ I (y) and by the same way we say that x ∈ D (y) . Therefore x ∈ C (y) and
Finally we can see that C (x) = C (y), so we have q X (x) = q X (y).
As an immediate consequence of Theorem 2.2, we have the following corollary. 
Proof. Let (X, τ ) be a topological space. It is enough to consider the ordered topological space (X, τ, =) in Theorem 2.2.
Now, let us introduce the following notation and definition:
Notation 2.4. Let (X, τ, ≤) be an ordered topological space and z in X. We denote by:
Definition 2.5. Let (X, τ, ≤) be an ordered topological space. Defines on X the finite step preorder (X,≤) related to ≤, by x (X,≤) y if there exists z 0 , ..., z n and ∃ z
for short, we denote (X,≤) also by ≤ . Remarks 2.6.
• It is clear that
• If X is a T 0 −ordered space, we have ≤= ≤ .
• For each x, y ∈ X, we have equivalence between x ≤ y and q X (x) ≤ 0 q X (y) .
Recall that an ordered topological space (X, τ, ≤) is said to be T 2 −ordered if there is an increasing neighborhood of x disjoint form some decreasing neighborhood of y whenever x y, which is equivalent to the order ≤ being closed in (X, τ ) × (X, τ ) . Now, we are in position to give the characterization of ordered topological spaces whose T 0 −ordered reflections are T 2 −ordered.
Theorem 2.7. Let (X, τ, ≤) be an ordered topological space. Then the following statements are equivalent:
y there exists an increasing neighborhood of x disjoint from some decreasing neighborhood of y;
• (i) =⇒ (ii) Let x, y be two points in X such that x ≤ y. Then q X (x) 0 q X (y) . Since X /≈ is T 2 −ordered, there exists an increasing neighborhood U of q X (x) disjoint from some decreasing neighborhood V of q X (y). Now, we can see that q −1 X (U ) is an increasing neighborhood of x disjoint from q −1 X (V ), which is a decreasing neighborhood of y.
• (ii) =⇒ (iii) Let x, y ∈ X such that (x, y) / ∈ G ( ≤ ) which means that x ≤ y. Then, there exists an increasing neighborhood U of x disjoint from some decreasing neighborhood V of y. Clearly, we can see that U × V is a neighborhood of (x, y) and we have (
For this implication we can see that
By the same way as in Corollary 2.3, the following result holds immediately. 
The concept of reflections in categories has been investigated by several authors (see for example [3] , [4] , [5] , [6] , [9] , [11] , [15] ). This concept serves the purpose of unifying various constructions in mathematics.
Historically, the concept of reflections in categories seems to have its origin in the universal extension property of the Stone-Čech compactification of a Tychonoff space.
A morphism f : A −→ B and an object X in a category C are called orthogonal [7] , if the mapping hom C (f ; X) : hom C (B; X) −→ hom C (A; X) that takes g to gf is bijective. For a class of morphisms Σ (resp., a class of objects D), we denote by Σ ⊥ the class of objects orthogonal to every f in Σ (resp., by D ⊥ the class of morphisms orthogonal to all X in D) [7] . Then the following definition is more natural. (1) q X : X −→ X /≈ is an ordered-quasihomeomorphism. (2) Let q : (X, τ, ≤) −→ (Y, γ, ⊑) be an increasing continuous map between two ordered topological spaces.
is a quasihomeomorphism then q is an ordered-quasihomeomorphism. The converse does not hold as shown in the following example: (3) Let X = [0, 3] with the topology induced by the usual topology of R.
Define on X the order by
q X is an ordered-quasihomeomorphism which is not a quasihomeo- Proof.
• Suppose that f and g are two ordered-quasihomeomorphisms. For any saturated closed subset U of X, let V be the unique saturated closed subset of Y such that U = f −1 (V ) and let W the unique saturated closed subset in Z such that V = g −1 (W ) . It is clear that W is the unique saturated closed subset of Z such that U = (g • f )
−1 (W ) . We conclude that g • f is an ordered-quasihomeomorphism.
• Suppose that g and g•f are ordered-quasihomeomorphisms. Let U be a saturated closed subset in X. Since g•f is an ordered-quasihomeomorphism, there exists a unique saturated closed subset
• Suppose that f and g • f are ordered-quasihomeomorphisms. If V is a saturated closed set in Y,f −1 (V ) is a saturated closed set in X. Then there exits a unique saturated closed set W in Z such that
It is easy to show that W is the unique saturated closed set in Z such that V = g −1 (W ) . We conclude that f is an ordered-quasihomeomorphism. Now, let'us introduce the following definition: Definition 3.4. Let f : (X, τ, ≤) −→ (Y, γ, ⊑) be an increasing continuous map between two ordered topological spaces. We say that f is strongly − increasing (for short s − increasing) if it satisfies : x ≤ y if and only if f (x) (Y,⊑) f (y) for all x, y ∈ X.
Examples 3.5.
(1) Let (X, τ, ≤) be an ordered topological space. Then q X is a s-increasing map. (2) An increasing map need not to be s-increasing map. Indeed, take (X, τ, ≤) of the example in 3.2 (3) and f the following map.
In order to give the main result of this section, we introduce the following definitions. (1) Every onto continuous increasing map is T-onto.
(2) A T-onto map need not be onto as shown the following example : Let X = {0, 1, 2} with the topology τ X = {∅, X, {0, 2} , {1}} and the order ≤ X defined by his graph G (≤ X ) = {(0, 0) , (0, 1) , (0, 2) , (1, 1) , (1, 2) , (2, 2)} . The map f : (X, τ X , ≤ X ) −→ (X, τ X , ≤ X ) such that f (X) = {0} is T-onto but not onto. (3) A T-one-to-one map need not be one-to-one : q X : (X, τ X , ≤ X ) −→ X /≈, τX /≈, ≤ 0 X is T-one-to-one but not one-to-one. (4) A one-to-one map need not be T-one-to-one : Let τ d the discrete topology on X. Then the map f : (X, τ d , ≤ X ) −→ (X, τ X , ≤ X ) defined by f (x) = x for all x ∈ X is a one-to-one map but not T-one-to-one.
